Spin-echo instruments are typically used to measure diffusive processes and the dynamics and motion in samples on ps and ns timescales. A key aspect of the spin-echo technique is to determine the polarisation of a particle beam. We present two methods for measuring the spin polarisation in spin-echo experiments. The current method in use is based on taking a number of discrete readings. The implementation of a new method involves continuously rotating the spin and measuring its polarisation after being scattered from the sample. A control system running on a microcontroller is used to perform the spin rotation and to calculate the polarisation of the scattered beam based on a lock-in amplifier. First experimental tests of the method on a helium spin-echo spectrometer, show that it is clearly working and that it has advantages over the discrete approach i.e. it can track changes of the beam properties throughout the experiment. Moreover, we show that real-time numerical simulations can perfectly describe a complex experiment and can be easily used to develop improved experimental methods prior to a first hardware implementation.
I. INTRODUCTION
Spin-echo instruments provide unique information about the dynamics and motion of atoms, molecules and macromolecular objects 1-9 : Upon inelastic scattering from a sample the initial polarisation of a polarised beam is changed. The phase shift of the scattered beam includes important information about the sample dynamics. Hence one of the key aspects of the spin-echo technique is to determine the polarisation of a particle beam. Typically this is done by measuring a couple of discrete points while scanning around the echo condition 10, 11 . In this work we present two methods, the above described discrete sampling and a new method based on a continuous spin rotation, in the framework of helium spin-echo spectroscopy. Helium Spin-Echo (HeSE) spectroscopy is a novel technique which combines the surface sensitivity and the inert, completely non-destructive nature of helium atom scattering [12] [13] [14] with the unprecedented energy resolution of the spin-echo method 8, 10, 11, 15 . It allows the study of surface dynamics over time-scales down to sub-picoseconds with atomic resolution 5, 6 . The apparatus has previously been used to measure diffusion on surfaces 7, 16 , surface phonon spectra 17, 18 and ultra-high resolution potential energy landscapes 19 . The polarisation of the He beam is measured by taking a number of discrete points (four) during an echo-scan. We begin by considering this four-point method and note that it suffers from the need for a separate calibration of beam energy and that it also assumes the beam energy is stable throughout the experiment. Starting with a numerical model we show that a new method is capable of monitoring the polarisation continuously. Preliminary a) Electronic mail: tamtoegl@gmail.com experiments using a microcontroller based hardware show clearly that the method works and has advantages over the conventional discrete approach: It requires no initial calibration and adapts to changing conditions.
II. EXPERIMENTAL SETUP
In order to perform HeSE measurements, helium-3 ( 3 He) is used which has a non-zero nuclear magnetic moment (spin). The spin is aligned perpendicular to the beam axis, and in the Cambridge instrument scattered of the sample surface in a fixed 44.4
• source-target-detector geometry. A schematic of the 3 He spin-echo apparatus is illustrated in Figure 1 (with the 44.4
• scattering geometry removed for simplicity) which shows the important components 20 . A nearly monochromatic beam of 3 He is generated with the velocity along the z-direction. The beam passes through a spin polariser, where the nuclear spin is polarised perpendicular to the beamline (along x). Before reaching the sample, the beam passes through a magnetic field parallel to the beam axis, which is generated by the incoming solenoid. Thus, the spins perform a Larmor precession in the xy plane where the angle between the 3 He spin before and after passing the solenoid depends on the time spent in the magnetic field and hence on its velocity. The 3 He beam is then scattered from the sample and travels through the outgoing solenoid which creates a magnetic field with an amplitude usually equal to that of the incoming coil but now directed anti-parallel to the beam axis. Hence the Larmor precession unwinds the spin so that the spin direction at the end of the outgoing coil is the same as at the beginning of the incoming coil (along the x-direction) provided that the scattering event is purely elastic. Finally, the analyser only selects components of the beam with the spin aligned along x after which a detector converts the flux of 3 He into a count rate. After inelastic or quasi-elastic scattering from the sample surface due to dynamical processes, the signal will only be partially polarised. Consequently, a crucial part of these experiments is to determine the polarisation of the scattered beam. He beam with the velocity along the z-direction is generated and the nuclear spin is polarised along x. Before reaching the sample, the beam travels through the magnetic field of the incoming solenoid where the spins perform a Larmor precession in the xy plane. The 3 He beam is then scattered from the sample and passes thorough the outgoing solenoid where the Larmor precession is effectively unwound with a magnetic field aligned antiparallel to the incoming one. For purely elastic scattering the spin is again aligned along x at the analyser whereas a loss of polarisation is observed in the case of inelastic scattering. The phase coil is included before the incoming solenoid and allows the spin to be rotated by an additional chosen amount. The top left inset illustrates the spin polarisation versus the phase coil current for purely elastic scattering. The phase coil is used to determine both the real and the complex part of an arbitrary spin polarisation in the xy plane (see the inset at the bottom right).
III. POLARISATION MEASUREMENT
By measuring how the polarisation changes with increasing current through the solenoids the dynamic properties of the sample can be found. An arbitrary polarisation P of the spin in the xy-plane can be conveniently written as a complex number,
where P x = Re(P ) and P y = Im(P ) (see also the illustration in the inset of Figure 1 ). In principle it is not essential to measure both P x and P y in every experiment. E.g. a measurement of P x gives the real part of the intermediate scattering function ISF (∆K, t). However, some inelastic processes such as phonon events require the measurement of both components of the polarisation 6 . Moreover, even without a magnetic field in the solenoids (B i = B o = 0) the polarisation may not be entirely real due to practical hardware implementations. These include the misalignment of magnetic elements, small differences between the two coils and their driving circuits as well as external magnetic fields penetrating the beam path. The issue is illustrated in Figure 2 which shows schematically a line corresponding to a polarisation measurement under ideal conditions (black, dashed) and a realistic elastic measurement (blue, solid). Hence to obtain the maximum amplitude of the polarisation (due to practical limitations of the apparatus) and the complete information about the underlying dynamical processes both the real and the imaginary part of the polarisation need to be measured. In principle the simplest way of measuring the complex polarisation is to rotate the analyser (in Figure 1) , by π/2 which allows independent measurements of the polarisation along the x and the y-axis: P x and P y . However, mechanical rotations of magnetic devices on the instrument are quite complicated and in practice there are simpler solutions. The most convenient approach is to add an additional "phase coil" in the region before the incoming solenoid (see Figure 1) . The phase coil rotates the spin by a chosen amount depending on the magnetic field B φ . Thus the ingoing spin vector can be rotated with respect to the outgoing one by a certain amount which is determined by the current through the phase coil. By measuring a number of discrete points within the period of one full spin rotation the exact polarisation of the spin can be measured. In neutron spin-echo spectroscopy this is typically termed as measurement of the echo-group or as so-called echo-scan 11, 21, 22 . The process is illustrated for four points in Figure 2 and will be described in the following.
A. The 4-Point Measurement
As described in the previous section, the complex polarisation of the beam can be measured via an additional spin rotation in the phase coil. With a current, I, passing through the phase-coil, a spin is rotated through an angle Ω 0 I where the rotation constant Ω 0 = γmB ef f λ 0 / , depends on the mean wavelength of the particles in the beam, λ 0 , the particle mass and the field integral along the beam path B ef f = B dz/I 5, 6, 23 . The signal resulting from a fixed polariser in the case of a beam with a Gaussian spread of wavelengths is derived in the Supplementary Information and is
In practice the polarisation is measured via the 3 He atoms that arrive at the detector where the flux is converted into a count rate
The count rate n det in the detector follows (3) as the current in the phase coil (I) is changed (see Figure 2 ). The cos(Ω 0 I) term describes the rotation of the spin and is determined by the mean wavelength of the particles (via Ω 0 ) and the current I through the phase coil. The phase shift δ in (3) accounts for non-idealities within the ingoing and outgoing spin rotation as discussed above: It describes the effect that the polarisation is not entirely real for I = 0 as illustrated in the upper panel of Figure 2 . The spread of wavelengths in the beam is manifest through the Gaussian pre-factor in (3), of width σ = /γmB ef f σ λ , where σ λ is the corresponding spread in wavelengths. Finally, the offset C in (3) is composed of a background C 1 in the detector and an offset C 2 which is due to the fact that the polarisation of the 3 He beam and the selection of a single polarisation by the analyser cannot be perfect in reality. The dashed curve shows the variation in the polarised intensity with phase coil current assuming an ideal scattering experiment from a static sample. The blue solid curve represents scattering from a static sample as it appears in the experiment. Due to non-idealities the polarisation of the beam is not perfect and a background as well as a phase shift with respect to the dashed curve occur. In order to determine the polarisation, four points are measured over one oscillation which is illustrated by the four dots on the blue curve. By fitting Equation 3 to these points the amplitude A and the phase shift δ are found which is then used to calculate the real and the imaginary part of the polarisation. Lower panel: The red solid line illustrates an inelastic scattering experiment where motion gives rise to an additional phase shift and a change in the amplitude of the signal with respect to scattering from a static sample (blue curve).
ically been determined beforehand. When there is little time variation of Ω 0 and σ the beam properties may be determined in an infrequent precise measurement over many oscillations. The process involves a measurement of the polarisation for a static sample while scanning the current in the incoming solenoid with the outgoing solenoid current held at zero. At present, the measurement takes about 20 min to perform and is usually done each time the beam is adjusted 24 . The polarised intensity is then measured for a number of different phase coil currents in a single period of the oscillation, as shown by the example blue markers in Figure 2 which is then used to calculate the complex polarisation of the beam. Hence if the properties of the beam are known, there are three remaining variables in (3): A, C and δ. These variables can be determined by measuring at three different phase coil currents I over one oscillation period and solving the resulting set of linear equations. In practice we measure 4 points as described above giving rise to an over constrained set of linear equations which is solved using a least squared optimisation. The measurement of four points presents a balance of accurate results and high throughput. Finally after all variables have been determined, (3) can be used to calculate the real and the complex part, Re(P ) and Im(P ) of the spin polarisation. Any changes of the polarisation due to dynamical processes can be determined using this principle. In general, quasi-elastic and inelastic scattering off the sample gives rise to a change of the phase δ and amplitude A of the oscillation with respect to an elastic scattering event, which is illustrated in the lower panel of Figure 2 .
B. The Spin-Rotator Method
The conventional method of measuring the polarisation, the four point method described in the previous section, involves passing discrete currents through the phase coil, each rotating the direction of the spin by a different amount and measuring the scattered signal at the detector. Even though this method has proven to be perfectly suitable for most measurements it exhibits a couple of disadvantages. Firstly, the calibration routine used at the start is relatively time consuming (≈ 20 min). Then four data points are used to find three parameters which means the system is susceptible to noise, e.g. fluctuations in the detector. Finally it is assumed that the value of σ and Ω 0 remain constant throughout the experiment. In the following we present a new method of finding the polarisation which does not require initial calibration, is less susceptible to noise and will adjust to changing values of σ and Ω 0 . The proposed new method involves continuously rotating the polarisation of the incoming beam instead of rotating it by separate discrete amounts. In doing so, the polarised component will cause an oscillating signal in the detector where the frequency of the oscillation equals the frequency of the spin rotation. Any remaining unpolarised component will give rise to a constant D.C. level in the detector. Hence a lock-in amplifier with the same frequency as the spin rotation can be used to extract the polarised component of the signal (see section S3.A in the supplementary information and 25 for a similar concept in the context of polarisation measurements in optical systems). The unpolarised component can be found by running the detector signal through a low pass filter. Using both components the magnitude of the polarisation and the phase of the spin can be calculated. The method has the advantage of requiring no initial calibration while also taking data continuously.
In order to rotate the initial spin direction continu-
Modelled response of the detector signal for a sawtooth current through the phase coil. The sawtooth current in the phase coil results in a sinusoidal current output from the detector. This is based on an idealised model where no delay due to the time-of-flight of the 3 He atoms and phase shifts due to scattering off the sample have been included. ously, the current in the phase coil needs to be linearly increased. To obtain this effect with a finite current, the current is first increased linearly and then quickly dropped back to the starting current (a sawtooth wave). If the amplitude is chosen correctly, at the start of each period the 3 He beam will have the same polarisation direction as at the end of the previous period. Figure 3 illustrates that this will create a smooth sine wave at the detector, based on a numerical simulation with an idealised model of the system (which will be discussed below). If the amplitude is incorrect, there will be a sudden jump in the signal at the end of each period. The correct amplitude is ensured by controlling the amplitude of the modulating sawtooth with feedback from the detector output. Figure 4 shows a block diagram of the new method for the polarisation measurement with the feedback loop in red. The output from the detector passes through a lockin amplifier with a reference signal at 2ω which controls the amplitude of the sawtooth. Starting with an arbitrary initial amplitude of the sawtooth current in the phase coil, the system should tend towards a stable position where the phase coil amplitude corresponds to one complete rotation of the 3 He spin. We will discuss this in more depth on the basis of a numerical model of the system below.
IV. NUMERICAL MODEL
A numerical model allows the behaviour of the system to be tested. Starting with an idealised system to check the feasibility of the method it permits the subsequent addition of imperfections of a realistic system step by step so that the effect of each can be found. Simulink (a graphical programming language for modelling dynamic systems) was chosen to model the system as it enables rapid production of a simple model which can then easily be modified with more realistic aspects.
A. An Idealised Numerical Model
The behaviour of the aforementioned new method of polarisation measurements was first modelled in Simulink using the components shown in Figure 4 . We have already seen in Figure 3 that the right choice of the sawtooth amplitude in the phase coil gives rise to a sinusoidal current output from the detector. However, the system should find the right amplitude starting from an arbitrary initial value. Therefore a feedback loop (red parts in Figure 4 ) consisting of a 2ω lock-in amplifier, an integrator and the feedback loop gain is used. The spinecho machine and the current output from the detector is modelled to follow equation (3). Figure 5 shows that a non-perfect amplitude introduces higher Fourier components to the signal. At the perfect amplitude, the signal at twice the sawtooth frequency (2ω) goes to zero as expected. To ensure that the amplitude is kept at the correct value, a system of negative feedback can be used as the 2ω signal changes sign at the perfect amplitude (vertical dash-dotted line in Figure 5 ). The feedback loop is created by integrating the 2ω component to give it an infinite DC gain and to act as the dominant pole in the loop 26 . The integrated signal is multiplied by an adjustable constant, known as the feedback gain and then multiplied by a unit amplitude sawtooth wave to supply the current in the phase coil. Finally, a 1ω lock-in amplifier and a low pass filter provide the polarised and unpolarised components of the signal, respectively, which are used to calculate the magnitude of the polarisation and the phase (see Figure 4) . FIG. 5 . Effect of changing the sawtooth maximum amplitude on the amplitude of the different frequency components. The 2ω signal goes to zero at the perfect amplitude A0 (vertical dash-dotted line) and has a different sign on each side, allowing negative feedback to be used to control the system. The 1ω signal has a maximum at a phase coil current slightly greater than the perfect current, meaning that the current needs to be tightly controlled.
B. A Realistic Numerical Model
The model described above assumes an ideal system which corresponds instantaneously to any changes and is free from any background noise. As a more realistic model, three sources of imperfection were added:
• Background noise.
• The continuous change of current in the phase coil compared to the ideal instantaneous jump: Due to the inductance of the phase coil the rapid change of current at the end of the sawtooth period ( Figure 3) will not be instantaneous. Instead the current will change continuously and during this time, the spin polarisation is rotated by a full cycle very quickly leading to a short blip in the detector current. This blip will give rise to frequency components across the whole spectrum but it will not affect the stability of the system as shown by tests with the realistic model and also in the measurements later.
• The response function of the apparatus consisting of the time-of-flight of the 3 He atoms and the response of the detector. The last point is also interesting from an experimental point of view and has not been determined previously. Hence we will discuss it in the next section. The setup of the Simulink model itself can be found in the Supplementary Information.
C. Apparatus Response Function
After the field in the phase coil is changed, the 3 He atom must travel the length from the phase coil to the detector where it is ionised and then converted to a count rate, meaning the response is not instantaneous. Since the 3 He atoms do not interact with each other, a linear response function represents a good model of the machine. The frequency response of the apparatus was determined by applying a square wave of fixed frequency to the phase-coil. The current in the phase-coil and the detector count rate were both measured and Fourier transforms of both were taken, they were then used to calculate the gain and phase shift as a function of frequency. The response determined from the upward transition of the square wave was identical to that from the downward transition, confirming the linearity of the system. An average over several cycles leads to the frequency response shown in Figure 6 (blue lines). A transfer function of the form, Equation 4 , was fitted to the measured data where s is the Laplace transform variable and τ is a time delay due to the time-of-flight.
Equation 4 has a gain G and phase φ according to
The gain was fitted first since it is most sensitive to changes in f 1 , f 2 and the DCgain. Once a fit for that had been found, the value of τ was fitted for the phase. The values of the fitted parameters are summarised in Table I and the fitted response, plotted in red in Figure 6 , shows a good agreement between the measurement and the model. The parameter τ is expected to be the time delay due to the time-of-flight of the 3 He atom from the phase coil to the detector. The length of this section of the machine is known from 6 (≈ 4.7 m) which would give a time-of-flight of ≈ 6.3 ms for an 8 meV 3 He beam. This value agrees very well with the value obtained from the measurement ( Table I ), indicating that the time-of-flight is indeed the dominant contribution to the delay. Note that the gain obtained from the measurement will change from experiment to experiment since it depends on properties such as the beam intensity and the reflectivity of the sample. The poles of the response function correspond to time constants of approximately 10 ms and 2 ms; these are Table I. due to the diffusion and ionisation time scales within the detector respectively. It is important to bear these in mind when choosing the frequency at which the system should run at. Above these poles, phase changes occur which may change negative feedback to positive feedback and the gain starts to decrease, reducing the measurable signal, but as the frequency is lowered, the system will respond slower to any changes. In the following experiments a frequency of 5 Hz was used.
D. Closed Loop Response of the Realistic Model
The stability of the realistic numerical model was tested by tracking the amplitude of the sawtooth throughout the experiment. Starting with an arbitrary initial amplitude the system should then tend towards the ideal amplitude which corresponds to exactly one rotation of the spin. Therefore the maximum amplitude of the current in the phase coil is monitored versus time, which is shown in Figure 7 . The horizontal dash-dotted line illustrates the theoretical perfect amplitude based on the beam energy and solenoid properties. The system follows a typical negative feedback behaviour: The amplitude tends to the theoretical correct value, overshoots slightly before oscillating with decaying amplitude around the perfect value. The time delay and response function for the detector had no noticeable effect on whether the system was stable for a range of lock-in amplifier time constants and feedback gains. However, the realistic system tends to oscillate around the constant value with a higher frequency and higher amplitude compared to the idealised model. Size/frequency of these oscillations can be changed by optimising the parameters of the feedback loop (gain, time constant) 27 . Red line: The behaviour of the hardware version of the polarisation control system tracked by measuring the maximum current through the "real" phase coil. The system shows similar behaviour to the realistic model.
V. HARDWARE IMPLEMENTATION
Since the model showed that it is theoretically possible to measure the polarisation with the new method a hardware version was implemented which can be connected to the spin-echo machine. In order to do this, the Simulink program which controls the feedback and calculates the polarisation needs to run in real time. It also needs to drive the current through the phase coil and read the current from the detector back in. The control system was chosen to run on a microcontroller, an Arduino Mega 2560. It has enough internal memory to store the required programme, can send and receive data through a high speed I 2 C interface and can send data to a PC for logging purposes. For the typical beam energies of the apparatus (6 − 12 meV) a maximum current of 0.9 A through the phase coil is required to guarantee a full spin rotation at the highest energy beam. Therefore the Arduino is connected to a 12 bit digital to analogue converter (DAC, MCP4725) via the I 2 C interface. The 0 − 5 V of the DAC are then used to provide the phase coil current via a high current amplifier (see Supplementary Information for the circuit diagrams). Thus a range of −1 A to +1 A through the phase coil is achieved, which meets the standard conditions and also gives some space for overshoots of the sawtooth wave. The built-in analogue input on the Arduino was used to read the detector current. Since the output from the detector varies between 10 −7 and 10 −13 A, a simple electrometer converts the current into a 0 − 5 V output. For a first test it was decided to focus on the middle range (1 nA range). A block diagram of the final setup is shown in Figure 8 . 
VI. EXPERIMENTAL RESULTS
To test the apparatus on the spin echo machine a graphene/Ni(111) surface was used 17 with the scattering slightly off specular. This arrangement was chosen since it gives a detector current in the desired range as well as a partly polarised scattered beam. The process was monitored by recording the current though the phase coil and the current in the detector, simultaneously, via an oscilloscope (see Supplementary Information for more details). After the system has reached stability the current measured in the phase coil (top panel of Figure 9 ) shows the expected sawtooth shape and the current from the detector (bottom panel of Figure 9 ) shows a definite sine wave. The red curve in Figure 9 is a sine fit to the detector current. The frequency of the sine wave is 5 Hz indicating that the system has successfully locked in and that the concept is working. The measured signal exhibits still a large fraction of noise which is mainly due to the simple setup of the electric circuits for reading in the detector current. Nevertheless, the first test shows that the spin-rotator method is perfectly working and we will discuss its advantages over the 4-point method at the end of this section. Furthermore, the test also shows that a lock-in amplifier can be easily implemented and run on a microcontroller, similar in spirit to previous works 28, 29 . The stability of the system can be tested in the same manner as the numerical model. Therefore, the maximum amplitude of the phase coil current is plotted in red in Figure 7 . After the system has been switched on with an initial amplitude that is much smaller than the perfect amplitude it again overshoots before it oscillates slightly around the perfect amplitude. The amplitude has stabilised within less than a minute. The comparison with the numerical model ( Figure 7) shows that the similarity between the real system and the model is remarkable. These experiments had all shown the system to be stable so the next test was to try taking a measurement of the beam polarisation. The polarisation and phase can be seen in Figure 10 to tend to a stable polarisation of 0.3582 ± 0.0004. Note that the maximum polarisation of the 3 He beam is 0.6 due to the polariser and transmission properties of the apparatus 30 . Hence this corresponds to a polarisation of roughly 60% for the scattered 3 He beam. The uncertainty of the measured polarisation shows a factor of three improvement with the new method compared to the 4-point measurement. The measurement of the phase settled on a constant value with fluctuations of 0.0018 rad, again the four-point method did not measure the phase to an accuracy of 0.004 rad. On the other hand, a direct comparison with the four-point method is difficult to make, since the system started from an arbitrary initial value and the measurement was taken after a longer time.
The ability to monitor polarisation continuously is a significant advantage of the spin-rotator method. As mentioned in section III A, the 4-point measurement assumes a constant beam profile throughout a run of experiments. The behaviour of the new polarisation control system with respect to this aspect can be tested by actively changing the beam properties, i.e. by changing the helium beam energy. The beam energy E 0 is determined by the temperature of the nozzle T N , which produces the atomic beam, via E 0 = 5/2k B T N . Here, k B is the Boltzmann constant 12 . Note however, that the nozzle temperature cannot be used for an exact measurement of the beam energy since there might be small differences between the diode-based temperature measurement and the actual temperature inside the nozzle 31 . The blue curve in Figure 11 shows the beam energy calculated from the output voltage of the microcontroller. The red curve in Figure 11 displays the nozzle temperature which is proportional to the 3 He beam energy. Starting with a nozzle temperature of 36 K, after about 150 s the nozzle temperature starts to increase, from about 8 to 9.5 meV. The amplitude of the sawtooth has to increase with increasing beam energy in order to maintain a full spin rotation in the phase coil. While there are still small oscillations on the beam energy determined from the control system, it definitely follows the general trend of the nozzle temperature. Hence the new system is stable regardless of the beam energy and can track changes of the beam properties throughout the experiment. In cases where the beam polarisation is negligible for an extended period it is likely that the simple integrator in the 2ω feedback loop (Figure 4 ) will cause the amplitude of the current in the phase-coil to drift. The feedback loop will restore the correct amplitude as soon as the polarisation returns. However, if the drift is problematic it would be straightforward to add a sample/hold element controlled by the polarisation magnitude so that the feedback loop is inhibited and the phase-coil amplitude fixed, whenever the polarisation falls below a certain pre-set value.
VII. SUMMARY AND CONCLUSION
In summary, we have described two methods of measuring the polarisation in spin-echo experiments: The four-point method, which is based on taking discrete points along an echo scan and a new, so called spinrotator method. Numerical simulations and a novel hardware implementation have been used to develop the new method which involves rotating the spin and measuring its polarisation after scattering continuously. A control system implemented on a microcontroller is used to control the spin rotation and to calculate the polarisation of the scattered beam, based on a lock-in amplifier. First experimental tests of the new method on a helium spin-echo apparatus show clearly that the method is working. While the first hardware implementation of the spin-rotator method may still require a number of improvements in terms of noise reduction and speed, the first tests show that it has advantages over the conventional discrete approach. The four-point method, which is currently used, requires a preceding calibration at the start of an experiment and assumes a constant beam profile. The spin-rotator method, on the other hand, does not assume a constant beam profile and can track changes of the beam properties throughout the experiment.
Moreover, our numerical model shows, that real-time numerical simulations are capable of accurately describing a complex experiment. They can be used to test the behaviour and viability prior to first experiments. Finally, our tests show that a lock-in amplifier can be simply implemented on a cheap microcontroller and perform the tasks of a bench-top lock-in amplifier.
SUPPLEMENTARY MATERIAL
The setup of the numerical model in Simulink and the circuit diagrams of the hardware implementation can be found in the supplementary material. 
Polarisation in Spin-
where γ is the gyromagnetic ratio and m is the particle mass. The field integral along the path through the phase-coil corresponds to an effective field per unit energising current B ef f , hence the constant κ = γmB ef f /h. As the beam passes through the phase coil, the overall polarisation is an integral over the wavelength distribution in the beam and is given by (Eq. [2] of 1 )
where ρ(λ) defines the wavelength distribution. The wavelength distribution in the incident beam may be approximated by a Gaussian function with a mean wavelength, λ 0 and width, σ λ , so that
Inserting (S3) in (S2) and performing the Fourier transform gives
And the real part of the polarisation in this idealised experiment is
where Ω 0 = 2πκλ 0 and σ = 1/(2πσ λ κ). In the case of a real experiment, (S5) is modified in three ways. First, the signal passed by the polariser is proportional to the detector sensitivity, which introduces a multiplicative constant, A. Second, the possibility of mechanical misalignment and stray magnetic fields may introduce a phase factor, δ.
Finally there is a static offset, C, arising from the unpolarised component in the beam together with any background signal in the detector. Hence we obtain the form described in the main text
The output circuit was required to change a 0 − 5 V input to a −1 A to +1 A output current. Initially a buffer was used to ensure no current was drawn from the Arduino. The signal then passed through an RC filter to remove the D.C. offset. A potential divider was used to scale the voltage to the correct range followed by a series of amplifiers to scale the voltage to the right current and ensure the current was being drawn from an external power supply ( Figure S1 ).
B. Input Circuit
The input current from the detector was between 0 and 1 nA and needed to be converted to a voltage between 0 and 5 V. The circuit designed for this ( Figure S2 ) uses an amplifier to convert the incoming current into a voltage followed by another amplifier to provide the correct magnitude. As the signal is only a very small current, it is susceptible to background noise. The cable from the detector was soldered directly onto the leg of the first amplifier to reduce the distance over which noise could be picked up and the whole circuit was placed as close as possible to the detector output. The fixed gain of the circuit in Figure S2 and the limited resolution of the ADC in the Arduino limits the range over which the circuit is useful. It is sufficient to demonstrate the effectiveness of the method but would require a more sophisticated circuit to cover a dynamic range of 4 orders of magnitude observed in a typical experiment.
FIG. S1. Circuit diagram for converting the output voltage from the DAC to the phase coil current. An initial buffer using an INA105 chip ensures only small currents are drawn from the Arduino. The 1000 nF capacitor removes the DC offset. It is followed by a potential divider and the remaining components form a compound, current-boosting amplifier to convert the voltage to a current in the phase-coil. The op-amps are, respectively AD8675 and OPA544, the latter is mounted on a heat-sink. Conversion I0ut/V Arduino = 0.428 A/V. FIG. S2. Circuit diagram for conversion of the input current from the detector into a voltage for the Arduino. The first amplifier is connected as an electrometer with gain ∆Vout/∆IIn = 5 · 10 7 . The second amplifier buffers the electrometer and provides additional gain. The overall sensitivity is approximately 2.4 · 10 9 V/A. Both amplifiers are precision, rail-to rail devices with a low input bias current (< 1 pA) in a single package (AD8607).
S3. NUMERICAL CONTROL SYSTEM AND MODELS IN SIMULINK
The Simulink models used for the numerical models and hardware implementation are given in the figures below. Figure S3 shows the polarisation control system used in both the numerical models and the real life implementation. Included within this system are the lock-in amplifier subsystem shown in Figure S4 and the polarisation calculator shown in Figure S5 . In the numerical model the detector current input came from the output of the machine model given in Figure S6 and the phase coil current output is used as the input to the machine model.
The polarisation calculator ( Figure S5 ) uses the dependence of the detector count rate n det upon the phase coil The detector signal arrives in the top left. It then enters the two lock-in amplifiers (described in Figure S4 ) and a low pass filter. The 2ω signal enters a new component which outputs only the maximum of either the sin or cos lock-in amplifier. This is then integrated and multiplied by the feedback loop gain. A Matlab script then creates a sawtooth wave with this amplitude with the output shown in the top right. The 1ω signal and the unpolarised signal pass through the polarisation calculator which are illustrated in detail in Figure S5 . where A 1 and A 2 are the amplitudes of the real and imaginary part of the polarisation, respectively. The magnitude of the polarisation P and the phase δ are then obtained via 
A. Lock-In Amplifier
The concept of lock-in detection can be found in many textbooks. In this work a lock-in amplifier ( Figure S4 ) is designed to extract one frequency component from a signal. To do this it multiplies the original signal with a sine wave of the frequency that one wants to extract. In Fourier space, this can be thought of as a convolution of the original signal with a pair of delta functions, one at the original frequency and one at minus the original frequency. It has the effect of moving the component of the original signal at the desired frequency to a constant component. A low pass filter of the form H(s) = 1 T ·s+1 is then used so that only the D.C. part of this new signal remains, providing as an output the amplitude of the component oscillating at the desired frequency. To get the amplitude correct, a lock-in amplifier using a cosine wave is also used and the results of both are added in quadrature to account for any phase differences.
